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Abstrat
Reently, there have been a number of works investigating the entanglement
properties of distint nonomplementary parts of disrete and ontinuous Bosoni
systems in ground and thermal states. The Fermioni ase, however, has yet to
be expressly addressed. In this paper we investigate the entanglement between
a pair of far-apart regions of the 3+1 dimensional massless Dira vauum via a
previously introdued distillation protool [B. Reznik, et al., Phys. Rev. A 71,
042104 (2005)℄. We show that entanglement persists over arbitrary distanes, and
that as a funtion of L/R, where L is the distane between the regions and R is their
typial sale, it deays no faster than ∼ exp
[
− (L/R)2
]
. We disuss the similarities
and dierenes with analogous results obtained for the massless Klein-Gordon
vauum.
Entanglement in spatially extended many body systems and quantum eld theories is the fous
of inreasing attention. Part of this is direted at understanding the entanglement properties of
nonomplementary parts of a system, suh as far apart regions of vauum [1, 2, 3, 4, 5℄ and thermal
states [6, 7℄, or widely separated segments in ground states of the Bose-Hubbard Hamiltonian
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[8℄, hains of trapped ions [9℄ and harmoni osillators [10℄. In this regard relativisti vaua are
espeially interesting as they provide us with an oppurtunity to study physial systems with a well
dened notion of loality.
In this paper we investigate the entanglement between arbitrarily distant regions of the free
massless Dira vauum. For Bosoni systems, the expansion of the vauum in terms of two-mode
squeezed states of osillators residing in the two omplementary spaetime wedges x > 0 and x < 0,
used in the derivation of the Unruh eet, expliitly shows that the vauum is entangled [11, 12℄.
This result is a speial ase of a general modewise deomposition theorem pertaining to a ertain
lass of Bosoni Gaussian states [13, 14℄. An analogous theorem exists for Fermioni Gaussian
states [15℄. (Indeed, the Unruh eet holds also in the Fermioni vauum [16℄.) The state of a
pair of nonomplementary parts of a system, however, in general is mixed, so that a modewise
deomposition is impossible [17℄. Working diretly with the system's degrees of freedom, espeially
when of a great or ininite number, proves diult then. A most eetive and relatively simple way
to takle this problem is the use of entanglement distillation protools. Even though suh protools
have proved most onvenient in the study of the entanglement between abitrarily distant regions
of the Bosoni vauum [3, 4, 5℄, the Fermioni ase has thus far not been expressly addressed.
Using a previously introdued distillation protool [2, 3℄, we expliitly show that results analogous
to those obtained for the Bosoni vauum are true of the Fermioni vauum as well, namely, that
entanglement persists between arbitrarily far-apart regions and that as a funtion of the ratio of
the separation between the regions L and their typial sale R, the entanglement deays no faster
than ∼ exp
[
− (L/R)2
]
.
The onepts of entanglement and loality are nontrivial in Fermioni systems. We therefore
begin by explaining them briey and ontrast with the Bosoni ase. Suppose we have a system of
Bosoni modes. As
[
ai, a
†
j
]
= δij and [ai, aj] = 0, the Hilbert spae is a diret produt of the Hilbert
spaes of eah of the modes. Hene, it is meaningful to onsider the entanglement between dierent
sets of modes, with the partition unequivoally dening loality. For Fermions
{
ai, a
†
j
}
= δij
and {ai, aj} = 0. The Hilbert spae therefore laks an analogous diret produt struture. If the
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assignation of sets of modes to dierent parties is to have any meaning at all (that is, if we do
not want to give up loality), we must restrit the set of observables in suh a way that ating on
an arbitrary omposite state of any two distint sets of modes, say A and B, with an observable
omprised solely of modes in A, does not hange the expetation values of any observable omprised
solely of modes in B (and vie-versa), nor inrease the entanglement between the sets. Now, let
OˆA and OˆB be arbitrary sums of produts of even number of modes in A and B, respetively, then[
OˆA, OˆB
]
= 0. It is not hard to see that this harateristi of Fermioni modes, together with
the anti-ommutation algebra of the modes, restrits the set of observables to those that an be
onstruted out of produts of an even number of modes [18℄. For pure states entanglement between
two sets of modes is then dened as usual, i.e. a pure omposite state of two sets of modes, φ, is
entangled i there exist observables OˆA and OˆB suh that
〈
OˆAOˆB
〉
φ
6=
〈
OˆA
〉
φ
〈
OˆB
〉
φ
. Of ourse
this is not true of mixed states. Indeed, exept in 2× 2 and 2× 3 dimensions [19, 20℄, no neessary
and suient riterion to establish mixed state entanglement is known, regardless of the statistis.
Moving on to relativisti quantum eld theory (QFT), the requirement of Lorentz ovariane and
that the energy spetrum be bounded from below onstrains the set of possible algebras of modes
to the familiar ommutation/anti-ommutation relations for Bosons/Fermions. As an example
onsider the Dira eld
{
ψi (~x, t) , ψ
†
j (~y, t)
}
= δijδ (~x− ~y) , {ψi (~x, t) , ψj (~y, t)} = 0. (1)
The subsripts denote the spinorial indies, whih together with the position ~x label the modes. If
in addition we want the theory to be ausal, we must require that observables be respresented by
bilinear expressions in the elds.
It is important to note that there is a dierene in what is meant by loal in quantum infor-
mation theory (QIT) and QFT settings. As explained above, in QIT it is the dierent parties that
dene loality. However, in QFT it is ausality whih denes loality, i.e. an operator ating at two
or more spaelike related oordinates is nonloal. In this paper, loality in the QIT sense enters via
the assignation of ausally disonneted regions to dierent parties, leaving us with muh greater
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latitude in our hoie of loal operations than that aorded by the tight onstraints of QFT.
The protool employed in [2, 3℄ onsists of the nite duration oupling of a pair of initially
nonentangled two-level point-like detetors to the studied eld, in its vauum state, at two dierent
loations. The duration of the oupling determines the size of the regions probed and is taken to be
muh smaller than the distane between the detetors, whih therefore remain ausally disonneted.
Under these onditions, a nal entangled state of the detetors means that entanglement persists
between the regions. A similar but suitably adjusted protool is employed here. We therefore make
use many of the results obtained in [3℄, and forego rederivation.
The Dira equation is given by
(~α · ~p+ βm)ψ (~x, t) = i
∂
∂t
ψ (~x, t) , (2)
where the αi and β are any 4 × 4 matries satisfying {αi, αj} = 2δij1, β
2 = 1, and {α, β} = 0.
In the absene of a mass term, in the Weyl representation of the αi and β, the Dira equation
deouples into a pair of equations, the Weyl equations
~σ · ~pψr (~x, t) = i
∂
∂t
ψr (~x, t) , −~σ · ~pψl (~x, t) = i
∂
∂t
ψl (~x, t) , (3)
where the σi are the Pauli matries. The two-omponent elds ψr (~x, t) and ψl (~x, t) desribe
right and left handed partiles and anti-partiles, that is quanta of positive and negative heliity,
respetively. We an therefore begin by studying a vauum of denite handedness, say the right
handed vauum. In terms of a Fourier expansion
ψr (~x, t) =
∫
d3p
(2π)3
(
ar~pur (~p) e
−i(pt−~p·~x) + br~p
† vr (~p) e
i(pt−~p·~x)
)
. (4)
ar~p
†
, ar~p and b
r
~p
†
, br~p are the reation and annihilation operators for right handed partiles and
anti-partiles, respetively, satisfying
{
ar~p, a
r
~p
†
}
=
{
br~p, b
r
~p
†
}
= (2π)3 δ (~p− ~q) with all other anti-
ommutators vanishing, while ur (~p) and vr (~p) are the orresponding two-omponent spinorial
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oeients and are understood to be normalised to unity.
Due to the fat that the eld is Fermioni, we must ouple to eld bilinears to realise the
distillation protool [3℄. (See earlier disussion.) Perhaps the most natural hoie is the eld's
harge density Nˆ
(
ψ†r (~xi, t)ψr (~xi, t)
)
, where for onveniene we have hosen to normal order (Nˆ).
Setting up a pair of two-level detetors at ~xAand ~xB, in the Dira interation piture the oupling
term is given by
HC (t) =
1
2
∑
i=A,B
ǫi (t) (Cos (Ωit)σ
x
i + Sin (Ωit)σ
y
i ) Nˆ
(
ψ†r (~xi, t)ψr (~xi, t)
)
. (5)
Here ǫi (t) governs the strength and duration of the oupling, and Ωi is the energy gap of detetor
i. The orresponding evolution operator is U (T/2) = Tˆ exp
[
−i
∫ T/2
−T/2 dtHC (t)
]
, with Tˆ and T
denoting time-ordering and the duration of the interation, respetively. As disussed above, we
set L≫ T (L := |~xB − ~xA|), and take the initial state of the detetors to be separable.
One the interation is over, in the basis {↓↓, ↓↑, ↑↓, ↑↑}, the partial transpose of the detetors'
redued density matrix is given by
ρPTAB =


1− ‖EA‖
2 − ‖EB‖
2 0 0 〈EA | EB〉
0 ‖EB‖
2 −〈0 | XAB〉 0
0 −〈XAB | 0〉 ‖EA‖
2 0
〈EB | EA〉 0 0 ‖XAB‖
2


+O
(
ǫ3i
)
, (6)
where
|Ei〉 :=
∫ T/2
−T/2
dtǫi (t) e
iΩitNˆ
(
ψ†r (~xi, t)ψr (~xi, t)
)
|0〉 , (7)
|XAB〉 :=
∫ T/2
−T/2
dtdt′ǫA (t) ǫB (t
′) ei(ΩAt+ΩBt
′)Nˆ
(
ψ†r (~xA, t)ψr (~xA, t)
)
Nˆ
(
ψ†r (~xB, t
′)ψr (~xB , t
′)
)
|0〉 .
(8)
Using the Peres riterion [19℄, we nd that the detetors are entangled (i.e. that the partial transpose
5
has negative eigenvalues) if
|〈0 | XAB〉|
2 − ‖EA‖
2 ‖EB‖
2
> 0. (9)
Physially speaking, this translates to the requirement that the probability of exhange of a right
handed virtual partile - anti-partile pair between the detetors be greater than the produt of
the probabilities for the on-shell emission of a right handed partile - anti-partile pair by the same
detetor.
For temporally symmetri window funtions, a somewhat lengthy alulation shows that the
above ondition takes on the expliit form (see appendix for details)
∣∣∣∣
∫ ∞
0
dω
L2
ω3Cos (ωL) ǫ˜A (ΩA + ω) ǫ˜B (ΩB − ω) + 6
∫ ∞
0
dω1dω2
L3
[
1
L
Sin (ω1L)Sin (ω2L)
−ω1Cos (ω1L)Sin (ω2L)− ω2Sin (ω1L)Cos (ω2L)
]
ǫ˜A (ΩA + ω1 + ω2) ǫ˜B (ΩB − ω1 − ω2)
∣∣∣∣
2
>
1
25
∫ ∞
0
dωω5ǫ˜A (ΩA + ω)
2
∫ ∞
0
dωω5ǫ˜B (ΩB + ω)
2
, (10)
where ǫ˜i is the Fourier transform of ǫi.
This is to be ompared with the ondition obtained for the massless real Klein-Gordon eld [2℄
∣∣∣∣
∫ ∞
0
dω
L
Sin (ωL) ǫ˜A (ΩA + ω) ǫ˜B (ΩB − ω)
∣∣∣∣
2
>
∫ ∞
0
dωω |ǫ˜A (ΩA + ω)|
2
∫ ∞
0
dωω |ǫ˜B (ΩB + ω)|
2
(11)
The two onditions bear similarity. The analysis performed in [3℄ shows that Eq. (11) an be
satised if we hoose ǫ˜A (ΩA − ω) suh that it osillates as Sin (ωL), that is faster than any of its
Fourier omponents, over a nite integration regime [23, 24℄. Indeed, suh a hoie [25℄ an render
the exhange probability arbitrarily larger than the produt of the emission probabilities. Suppose
in our ase we take the superosillatory transform to osillate like Cos (ωL) over a suitably hosen
integration regime. Then the speially tailored form of the superosillatory transform guarantees
that the rst term on the LHS of Eq. (10) is muh greater than the RHS. But for preisely the
same reason it is muh greater than all other terms on the LHS, and Eq. (10) is satised. It follows
that entanglement persists between arbitrarily far-apart regions of the massless Dira vauum of
6
Figure 1: Spaetime at the start of the interation t = −T/2. A and B denote the loations of the
detetors. It is only operators within the two spheres that ontribute to the distilled entanglement.
quanta of denite handedness, and that the lower bound obtained in [3℄ holds here as well. That
is, in the limit L/T ≫ 1 the entanglement, quantied by the negativity N , sales no faster than
∼ exp
[
− (L/T )2
]
. Now as in the duration T the detetors probe a spherial region of radius R = T
(see Fig. 1), we arrive at the aforementioned lower bound ∼ exp
[
− (L/R)2
]
.
Not surpirsingly, for the left handed vauum the ondition for entanglement is idential. This
means that double the amount of entanglement an be distilled by oupling to the total harge
density, that is the sum of the harge densities of right and left handed quanta.
Before we onlude, there are three questions that need to be addressed. First, as previously
mentioned, an idential bound for the entanglement obtains for the Klein-Gordon vauum. The
question arises as to whether this reets some sort of universality or is just an artifat of our
distillation protool [26℄. Naively, it might be expeted that the omparatively poorer struture
of the Dira Hilbert spae, resulting from the anti-ommutative nature of the eld, leads to a faster
deay. However, the fat that our distillation protool is perturbative means that in the Klein-
Gordon eld ase, the Hilbert spae's full struture does not ome into play. This may very well be
the reason for the idential bound, but to say more would be pure speulation.
Seond, it is natural to ask whether the orrelations giving rise to this entanglement an be
attributed to a loal hidden-variable model. In the Klein-Gordon eld ase, we were able to show
[3℄ the detetor's nal state exhibits hidden nonloal orrelations [27℄, in the sense that after loal
ltering [28℄ an EPR state an be distilled. However, the same does not true here, due to the
presene of ǫ3i terms in the redued density matrix, Eq. (6), not present in the Bosoni equivalent,
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whih prevent the distillation of an EPR state. This question therefore remains open.
The third question is how the results obtained hange in the massive ase. Obviously, the
presene of a mass term adds another sale to the problem. From the point of view of our distillation
protool, the Dira equation no longer deouples and it is hard to see how use an be made of a
superosillating funtion to satisfy the resulting inequalities (without whih we do not know how to
distill entanglement at arbitrarily long distanes). Nonetheless, the fat that the main ontribution
to the entanglement arises from high frequenies (see [3℄) suggests that for a omparatively small
mass our results should remain unhanged [29℄.
Appendix: Details of alulations
To larify some of the physial ontent behind the ondition for entanglement, Eq. (10), we outline
here the important steps in its derivation.
As already noted, in the absene of a mass term, the Dira equation deouples into a pair of
equations for quanta of a denite handedness. However, it is only in the Weyl representation of the
Gamma matries
γ0 =

 0 1
1 0

 , γi =

 0 σi
σi 0

 , (12)
that these equations redue from four omponent equations to two. Taking the spinors to be
normalised to unity we then have
ur (~p) = vr (~p) =
1√
2p (p− pz)

 px − ipy
p− pz

 , ul (~p) = vl (~p) = ur (−~p) . (13)
Fousing on the right handed vauum, in terms of the Fourier expansion of the eld the emission
and exhange terms are given by
‖Ei‖
2
=
∫
d3pd3q
(2π)
6 v
†
r (~q) ur (~p)u
†
r (~p) vr (~q) |ǫ˜i (Ωi + p+ q)|
2
, (14)
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〈0 | XAB〉 = −
∫
d3pd3q
(2π)
6 v
†
r (~p)ur (~q)u
†
r (~q) vr (~p) e
i(~p+~q)·(~xA−~xB)ǫ˜A (ΩA + p+ q) ǫ˜B (ΩB − p− q) ,
(15)
where we have already arried out the temporal integration. Plugging in the expressions for the
spinors we get
‖Ei‖
2
=
∫
d3pd3q
(2π)
6
1
2
(
1 +
~p · ~q
pq
)
|ǫ˜i (Ωi + p+ q)|
2
, (16)
〈0 | XAB〉 = −
∫
d3pd3q
(2π)6
1
2
(
1 +
~p · ~q
pq
)
ei(~p+~q)·(~xA−~xB)ǫ˜A (ΩA + p+ q) ǫ˜B (ΩB − p− q) . (17)
In spherial oordinates the integration over angles is straightforward.
‖Ei‖
2 = 2
∫ ∞
0
dpdq
(2π)4
p2q2 |ǫ˜i (Ωi + p+ q)|
2 , (18)
〈0 | XAB〉 = −2
∫ ∞
0
dpdq
(2π)
4
pq
L2
[
Cos ((p+ q)L)−
p
L
Cos (pL)Sin (qL)−
q
L
Sin (pL)Cos (qL)
+
pq
L2
Sin (pL)Sin (qL)
]
ǫ˜B (ΩA + p+ q) ǫ˜B (ΩB − p− q) , (19)
where L := |~xA − ~xB|. If we now swith to the variables ω = p+ q and υ = p− q, then integrating
over υ, Eq. (10) quikly follows.
We note that the Cos (ωL) term on the LHS of Eq. (10) arises from the angular integration
over both the
1
2 and
~p·~q
2pq terms resulting from the spinor produts. Were the
~p·~q
2pq term absent, we
would not be able to distill entanglement at any distane L. It is interesting that this implies that
we annot realise our distillation protool in the real salar vauum via a square oupling.
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